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Abstract— This paper considers the vector Gaussian
broadcast channel where a single transmitter with mul-
tiple antennas sends independent information to multiple
receivers. An achievable rate region is derived by decom-
posing the broadcast channel into a series of single-user
channels with non-causal side information. The side in-
formation may be completely pre-subtracted using pre-
coding techniques. A practical trellis precoding method is
presented. Trellis precoding can be viewed as a generaliza-
tion of the Tomlinson-Harashima precoder. By taking into
account the entire non-causal side-information sequence,
a trellis precoder gives an additional shaping gain up to
1.53dB compared to a Tomlinson precoder.

I. INTRODUCTION

Consider a typical multiuser communications scenario
with a single base station and many users in geograph-
ically different locations. The uplink direction, where
multiple transmitters send independent information to a
single receiver, is often modeled as a multiple access chan-
nel. The downlink direction, where a single transmitter
sends independent information to multiple receivers is of-
ten modeled as a broadcast channel. The multiple ac-
cess direction has been well-studied in recent years. The
capacity region for the multiple access channel is well-
known, and the capacity can be achieved using a single-
user code at each transmitter and a multiuser joint de-
tector at the receiver. The broadcast situation, on the
other hand, is much less understood. This is mainly be-
cause the capacity region for the broadcast channel is still
not known, except in the special degraded case. This pa-
per focuses on the broadcast problem. We will present
two results for the non-degraded Gaussian vector broad-
cast channel with multiple antennas at the transmitter.
First, we will show that an achievable rate region for the
vector broadcast channel can be derived by decomposing
the broadcast channel into a series of single-user chan-
nels with non-causal side information. Secondly, we will
show that a practical trellis precoding method based on a
generalization of Tomlinson-Harashima precoder can be
used to approach the capacity for channels with side in-
formation, thus approaching the broadcast rate region as
well. These results will shed some light both on the com-
putation of the achievable rate region for the broadcast
channel, and on practical means to achieve it.
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II. BROADCAST CHANNEL

In a broadcast channel, a single transmitter attempts
to send independent information to two or more re-
ceivers at the same time. The capacity region for a two-
receiver broadcast channel refers to the set of rate-pairs
(R1, R2) that can be achieved simultaneously with arbi-
trarily small probability of error. A complete characteri-
zation of the capacity region for the broadcast channel
is not yet known except in the special degraded case,
where one user’s received signal is a corrupted version
of the other user’s received signal. The Gaussian broad-
cast channel with a single antenna at the transmitter is
an example of a degraded broadcast channel. Consider
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where z is the input signal subject to a power constraint
P, y1, y2 are the outputs, n; and ng are the additive
Gaussian white noises with variances o2 and o3, respec-
tively. If o7 < o9, then y, is a degraded version of y.
The capacity region for a degraded broadcast channel is
achieved using interference subtraction at the receiver [1].
The idea is to divide the total power into P, = aP for
the first user and P, = (1 — a)P for the second user
(0 < a <1). Then, the following rate pair is achievable:
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Because > is a degraded version of y1, information trans-
mitted to yo can be decoded by y; without error. Thus,
y1 can subtract the interference due to P, and in effect 1,
has a cleaner channel with noise o7 instead of 0% + Py. It
can be shown [2] that this interference subtraction scheme
is in fact optimum for the degraded broadcast channel.

The study of the broadcast channel is related to the
study of the channel with transmitter side information.
Consider the following channel,

Yk = Tk + Sk + Nk, (4)

where x; and yi are the transmitted and the received
signals respectively, and s; is an interfering signal that
is known to the transmitter but not to the receiver. In



Fig. 1. The vector broadcast channel

this case, the optimum coding scheme turns out to in-
volve the pre-subtraction of s; at the transmitter. In
fact, in a surprisingly result known as “writing-on-dirty-
paper”, Costa [3] showed that if both s and ny are i.i.d.
Gaussian, and if the entire non-causal realization of sy, is
known to the transmitter prior to transmission, the ca-
pacity of the channel with interference si is the same as
if s, does not exist. In addition, the optimal transmit
signal xj, is statistically independent of sg.

The “dirty-paper” result gives us another way to derive
the Gaussian broadcast channel capacity. Suppose that
two codebooks C; and Cy with average power P; and P»
are used to send messages to the two receivers y; and s,
respectively. In each coding block, the transmitter sends
out ¢; + co, where ¢; € C; and ¢y € Cy are codewords in-
tended for y; and yo. If the two codebooks are designed
independently, then each receiver sees the other user’s sig-
nal as noise. But, the transmitter knows both codewords
in advance. So, C; can be designed to pre-subtract the
codeword to be emitted from Cy. Effectively, x to y; is a
channel with non-causal side information available at the
transmitter but not at the receiver. Thus, Costa’s “dirty-
paper” result can be used to achieve a transmission rate
to y1 that is as high as if the interference is not present.
Now, the channel to ys still sees the first user’s signal as
noise. This is because after pre-subtraction, the signal for
y1 is statistically independent of the signal for ys. Thus,
the rate pair (R1, R2) in (2) and (3) is achievable where
R1 does not see P, as interference, and Ry sees both Py
and 03 as noise. This gives an alternative derivation for
the degraded Gaussian broadcast channel capacity.

Curiously, this derivation does not use the fact that
yo is a degraded version of y;. In fact, y; and yo may be
interchanged and the following rate pair is also achievable:
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However, when o; < o9, the above rate region is strictly
smaller than the degraded rate region. Thus, the order
of interference pre-subtraction matters.

The idea of subtracting interference at the transmitter
instead of subtracting interference at the receiver is at-
tractive because it is also applicable to the non-degraded
broadcast channels. Consider the case where the trans-

mitter and receivers are equipped with multiple antennas
as shown in figure 1:
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where x is the transmitted vector signal in R", y; and y2
are received vector signals in R™, H; and Hs are channel
matrices of dimension m X n, and n; and ny are Gaussian
random vectors with covariance matrices Z; and Zs re-
spectively. In general, the two channels are not degraded
version of each other. Also, because the channel matrices
H; and H5 may not have the same eigenvectors, they can-
not be decomposed into parallel independent degraded
broadcast channels in general. (An important exception
is the ISI channel which can be decomposed by a discrete
Fourier transform [4].) Nevertheless, the “dirty-paper”
result may be generalized to the vector case to implement
interference pre-subtraction at the transmitter.

Lemma 1: Consider the channel yx = xx + sk + ny,
where sk and ny are independent i.i.d. vector Gaussian
processes. Suppose that non-causal knowledge of sy is
available at the transmitter but not at the receiver. The
capacity of the channel is the same as if sy is not present.
Further, the capacity-achieving xy is statistically inde-
pendent of sy.

This result has been noted by several authors [5] [6].
A simple proof due to Lapidoth [7] goes as follows. The
vector Gaussian channel may be decomposed into paral-
lel scalar channels along the eigenvectors of the noise co-
variance. The resulting parallel Gaussian scalar channels
have independent noise, but have correlated interference.
However, since the interference is completely known at
the transmitter, the “writing-on-dirty-paper” result can
be applied individually on each of the scalar channels re-
gardless of the correlation among the interference. This
achieves the vector channel capacity as if the interference
does not exist. This lemma directly leads to the following
achievability result for the vector broadcast channel.

Theorem 1: For the vector Gaussian broadcast channel
(7) under a power constraint P, the following rate pairs
are achievable:
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where | - | denotes the matrix determinant, S; and Sy are
positive semidefinite matrices satisfying the power con-
straint: trace(S1 + S2) < P.

In the above statement, the choice that Sy is to be the
pre-subtracted signal is arbitrary. It is possible to reverse
the order and pre-subtract S, first, or in fact split the
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Fig. 2. Tomlinson-Harashima precoder

transmitting signal into more than two users, and achiev-
ing the rate-splitting points. The entire achievable rate
region is therefore the convex hull of all achievable rate
pairs satisfying the power constraint. It is worth noting
that the above does not represent a new achievability re-
sult for the broadcast channel. Rather, it is an instance of
Marton’s region [8]. It is not known whether this achiev-
ability region is the actual capacity region. In fact, it is
not even clear whether the union of all such achievable
rate pairs is convex, so time-sharing may be necessary.

Nevertheless, the above result provides a new coding
technique for the broadcast channel that is superior to a
single-user design that ignores the interference. The first
such example was demonstrated in the context of DSL
[9], where a broadcast channel with a transmitter with N
antennas, and IV receivers with a single antenna each, is
considered. The channel is modeled as:

y=Hx+n (10)
where y is an N X 1 vector with each component as a
receiver. The choice for S;, i = 1,--- , N is made as fol-
lows. Let H = RQ be a QR-decomposition, where @ is
orthogonal, and R is triangular. The transmit direction
for each user is chosen to be the row vectors of Q. More
precisely, let x = QTu, where u is a vector with each
component as a data stream for each receiver. Then, the
broadcast channel is decomposed into IV parallel chan-
nels. Because R is triangular, the first channel is a usual
Gaussian channel; the second channel has non-causal side
information from the first channel; and the third channel
has non-causal side information from the first two chan-
nels, etc. Thus, an interference pre-subtracting scheme
for each of the parallel sub-channels can be used to elim-
inate interference completely.

In fact, this QR-type decomposition was independently
considered by Caire and Shamai [10], who also proved
that QR is rate-sum optimal in both low and high SNR,
regions, and a modified version is optimal for all SNR’s
in two-user channels. In a recent result [11], the achiev-
able rate pair in Theorem 1 is shown to be indeed the
optimum rate-sum point for arbitrary number of users
with arbitrary number of transmit and receive antennas.
Therefore, the “writing-on-dirty-paper” type of interfer-
ence pre-subtraction has a wide range of applicability.
This motivates us to find practical precoding methods to
implement interference pre-subtraction. Since the pre-
coding of vector channels can be implemented by precod-
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Fig. 3. Modulo Arithmetic

ing a series of scalar channels, the rest of the paper will
concentrate on the precoding of a Gaussian scalar channel
with non-causal side information.

III. PRECODING
A. Tomlinson-Harashima Precoder

The pre-subtraction of multiuser interference is very
much like the pre-subtraction of the intersymbol inter-
ference using a Tomlinson-Harashima precoder [12] [13]
as shown in figure 2. Let s; be the total ISI at time k.
The transmitter knows s; at each time instant, so in or-
der to convey an intended symbol ug, a precoder sends
T = ur—Sk to compensate for the interference. However,
sk may be large, so xx may exceed the power constraint.
The trick is to constrain the intended symbol wug to lie
within [—M/2, M/2). Instead of sending zj, the encoder
sends xx modulo-M. Likewise, the decoder also does a
modulo-M operation. The modulo-M operation reduces
the transmit power to approximately M? /12, while main-
taining the distinguishability of xx. In effect, all z;’s dif-
fering by an integer multiple of M are regarded as the
same symbol by the decoder as shown in figure 3. The
process of encoding a symbol then becomes the process
of modifying s; to one of the equivalent representatives
of the symbol. The modulo-M geometry ensures that
there is one representative within distance M from every
possible s;. Tomlinson-Harashima precoder can be inter-
preted as a one-dimensional implementation of “writing-
on-dirty-paper”. This connection was first observed by
Erez, Shamai and Zamir [14], who also showed that in
the limit of large interference, the capacity loss when us-
ing Tomlinson-Harashima precoding is exactly the shap-
ing loss (1.53dB). The insight is that Tomlinson precoder
takes only the current s; into account, and it does not
consider future side information beyond s;. With only
causal side information, the modulo operation has to be
done on a symbol-by-symbol basis, producing an output
that is uniformly distributed between —M/2 and M/2.
This uniform distribution corresponds to a cubic shape,
thus incurring a shaping loss when compared to the spher-
ical shape of an optimal Gaussian code. To recover the
shaping loss, non-causal side information must be used
to perform the modulo operation on high-dimensional
spheres. As noted in [14], this is possible using a pre-
coder based on an optimal vector quantizer.
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Fig. 4. Precoding via vector quantization

B. Trellis Precoding

A conceptual model for a vector quantization-based
precoder is shown in figure 4. It works as follows.
First, a codeword sequence is generated by an error-
correcting code. The additive interference sequence sy
is pre-subtracted from the codeword, and the difference
sequence is then quantized by a vector quantizer. The
quantization noise is sent as the input to the channel.
The channel adds the interference and noise. At the de-
coder, the received sequence is first quantized by the same
quantizer. The quantization noise is sent to the decoder
of the error-correcting code to recover the message. Fig-
ure 5 illustrates the relation between uy, sk and xy,. The
spheres denote the Voronoi regions associated with the
quantizer outputs. The codeword sequence uy is designed
to be confined within the Voronoi region. Each codeword
is given multiple equivalent representatives corresponding
to multiple quantizer outputs. The equivalent represen-
tatives are illustrated by the arrows in the figure. Since
the interference sequence sy is known non-causally, the
precoder can construct an input sequence xy to steer sy
to the closest representative of uy. It is easy to see that
as long as the codeword is confined to the Voronoi re-
gion, perfect reconstruction is possible in the absence of
noise. This vector quantization approach can be viewed
as a generalization of Tomlinson-Harashima precoding.
The one-dimensional modulo-M operation is replaced by
a vector quantizer which does a modulo operation with
respect to a Voronoi region. After the modulo operation,
the precoder outputs are approximately uniformly dis-
tributed in the Voronoi region. The Voronoi region of an
ideal vector quantizer is a high dimensional sphere, thus
achieving a shaping gain. In other words, the transmit
power may be reduced by up to 1.53dB when compared
to a cubic shape.

The idea of using Voronoi region for shaping was pro-
posed by Forney in [15], where he used a trellis code as a
vector quantizer to achieve a shaping gain on an additive
white Gaussian noise channel. For an AWGN channel,
the capacity achieving distribution over a block length
of N is a uniform distribution over an N-dimensional
sphere. However, traditional rectangular constellation-
based trellis codes cover the N-cube uniformly, thus suf-
fering from a shaping loss up to 1.53dB. To recover the
shaping loss, Forney proposed to first expand the constel-
lation size slightly, then modulo the expanded sequence

Fig. 5. Precoding with Voronoi regions

with respect to the Voronoi region of a trellis shaping
code. It is clear that shaping for AWGN channel is very
similar to shaping for channel with side-information. In
fact, Eyuboglu and Forney further extended trellis shap-
ing by combining shaping with one-dimensional Tomlin-
son precoding and trellis coding for the IST channel [16].
This combined structure can be easily modified for chan-
nels with non-causal side information.

We now describe a trellis shaping code for channels
with side information. A trellis code can be viewed as a
collection of paths through the constellation. These paths
have a good minimum distance property, and they can be
represented by a finite state machine, thus allowing effi-
cient decoding. Such a collection of trellis paths can also
be used as reconstruction values in a vector quantizer.

The operation of the precoder is shown in figure 6. Two
codes are working independently. C. is a trellis channel
code, with G, as its k./n. convolutional coset encoder.
Cs is a ks/ns convolutional shaping code, whose Voronoi
region will be used as the basis of modulo operation. The
input bits are divided into two groups. First ¢ bits are
the inputs to the trellis channel code, where k. of which
are encoded by the convolutional code G, and the rest
as uncoded bits selecting constellation points within each
coset. The output of the trellis code is a constellation of
size 24~ Fe*me  This constellation is repeated 2" times in
two dimensions resulting in 2™¢ non-overlapping regions.
At any given time instance, one of these regions is selected
by the second group of ry inputs and the shaping convo-
lutional code Cs. Therefore, the entire codeword can be
thought of as a combination of 27 trellis paths within each
region, and the sequence of regions. T'wo sequences of re-
gions are deemed equivalent if their difference is a valid
codeword for Cs. The initial sequence is determined by
7s input bits and an inverse syndrome decoder H 7 for
Cs. In a convolutional code, sequences differing by a valid
codeword all have the same syndrome. Thus, using r in-
put bits as the syndrome uniquely determines an equiv-
alent class of ng-bit sequences t(D). Every sequence in
this equivalent class can be represented by ¢(D) plus some
valid codeword in Gg. So, the shaping encoder only needs
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Fig. 6. Implementation of Voronoi precoder

to select the appropriate codeword to be added. The ap-
propriate codeword is selected by the Viterbi algorithm
for Cs. The criterion for such selection can in principle
be anything as far as decoding is concerned. To minimize
transmit power for channels with side information, the
criterion here is the minimization of the square difference
between the output sequence and the side information se-
quence. Thus, the Viterbi algorithm for Cy compares the
side information sequence with the constellation sequence
determined jointly by the trellis encoder C. and the syn-
drome sequence for Cy, and outputs a codeword for C
which modifies the sequence of region selects so that the
resulting codeword is as close to the side information as
possible. Since the side information will be added by the
channel later, the encoder sends out the difference be-
tween the two to the channel. On the decoder side, the
bits are recovered with a usual trellis decoder for C,. and
a syndrome mapper for Cs. The decoder is identical to
the one in [16].

There are two principle differences between a trellis pre-
coder for a channel with side-information and a trellis
shaping precoder for an IST channel as described in [16].
First, a shaping code selects the region sequence so that
the output codeword has the minimum energy, while a
precoder selects the region sequence so that it takes the
minimum energy to steer the side information to a cor-
rect codeword. The second difference is more subtle. In
a shaping code for an ISI channel, a small amount of
constellation expansion suffices, thus a rate 1/2 shaping
code is sufficient. For precoding for a channel with side
information, it is desirable to have a code rate such as
3/4 or 5/6 to force constellation expansion. The reason
for expansion is to ensure that the side information se-
quence lies entirely within the expanded constellation. In
practice where the magnitude of the side information se-
quence is not known in advance, it is necessary to add
a modulo-M operation outside of the expanded constel-
lation. Note that the actual transmitted constellation is
not the expanded constellation, but its difference with
the side information sequence. Therefore, the expanded
constellation does not pose a practical concern.

The shaping gain for Voronoi precoder depends on the
shape of the Voronoi region of the shaping code. There-
fore, the trellis shaping codes in [15] can be used directly

for multiuser precoding with exactly the same shaping
gain. In particular, a simple 4-state trellis shaping code
already achieves almost 1dB shaping gain.

IV. CONCLUSION

This paper establishes a connection between the broad-
cast channel and the channel with non-causal transmit-
ter side information. An achievable rate region for the
non-degraded Gaussian vector broadcast channel is de-
rived using Costa’s “writing-on-dirty-paper” result for
Gaussian channels with side information. This region
may be approached in practice using the proposed trel-
lis precoding scheme. The trellis precoder generalizes
the Tomlinson-Harashima precoder, and it is able to pre-
subtract multiuser interference completely. By utilizing
non-causal side information, the trellis precoder achieves
an additional shaping gain up to 1.53dB.
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