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Linear and Nonlinear Chip-Rate Minimum
Mean-Squared-Error Multiuser CDMA Detection

Yao Ma, Member, IEEE,and Teng Joon Lim, Member, IEEE

Abstract—In this paper, a linear Kalman filter detector for
code-division multiple access proposed earlier in the literature is
extended to a structure that can handle arbitrary detection delays,
through the mechanism of state augmentation. Because pre-de-
tection RAKE combining is used in the detector, it is optimal for
multipath channels, unlike the previous structure that performed
post-detection combining. We also derive nonlinear Kalman detec-
tors, which approximate the highly complex nonlinear minimum
mean-squared-error detector, using the concept of “additional
observations.” Both linear and nonlinear detectors require pro-
cessing at one or more times the chip rate, and knowledge of the
spreading codes of interfering users. They have the advantage
over many other multiuser detection algorithms of not requiring
the spreading codes to be periodic at the symbol rate, or matrix
inversion. In addition, two of the detectors are able to generate
and update a posterioriprobabilities of the transmitted symbols,
making them interesting for iterative multiuser detection.

Index Terms—Code-division multiple access, Kalman filtering,
minimum mean-squared-error detection, multiuser channels.

I. INTRODUCTION

I N A multiuser code-division multiple-access (CDMA) com-
munication link, multiple users transmit simultaneously over

the same frequency band using spread-spectrum signals and
different spreading codes. Due to multipath propagation and
asynchronism in the signals received from different users, mul-
tiple-access interference (MAI) exists irrespective of code de-
sign, and limits system performance. Multiuser detection [1] is
the generic name for a class of detection techniques designed
to combat MAI and hence improve performance. In this work,
we are interested in linear [2] and nonlinear minimum mean-
squared-error (MMSE) multiuser detectors.

Linear MMSE (LMMSE) detectors may be implemented
using symbol-rate adaptive algorithms [3], [4] in short-code
systems, with or without training sequences. For long-code sys-
tems, a sampling-rate Kalman detector has been proposed [5] to
implement the LMMSE detector without matrix inversions or
training sequences in frequency-selective asynchronous chan-
nels when the spreading codes for all users are assumed known.
Prior to that work, Chen and Roy [6] devised a sampling-rate
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recursive least squares (RLS) detector which converged to the
decorrelating detector in synchronous channels under the same
assumption.

In this paper, we relax the zero detection delay constraint1

in [5] and point out that with multipath channels, the optimal
detector structure combines the multipaths before MMSE de-
tection (pre-detection combining). This was mentioned briefly
in [7], but not in [5], which treated each path separately and then
coherently combined the multipath signals to make a decision.
The latter structure also has a higher computational complexity.
Here we develop the pre-detection RAKE combining algorithm
fully.

We further observe that the linear state-space model used to
develop the Kalman filter algorithm is non-Gaussian because
of the discrete nature of the channel inputs, which appear in
the “state noise” term, and so the linear Kalman detector does
not yield conditional mean (CM) estimates. We therefore de-
rive a recursive algorithm for computing the optimal, nonlinear
MMSE (or CM) detector based on the exact probability density
function (pdf) of the state noise, and propose two simpler but
suboptimal nonlinear Kalman detectors that use the concept of
“additional observations,” as introduced by Thielecke in [8] and
[9]. The soft-decision (SD) and hard-decision (HD) detectors
introduce one or more additional stages of processing at each
user’s symbol boundary, based on feeding back soft or hard de-
cisions, respectively.

The performance of the new algorithms are evaluated using
both a semianalytical technique and simulations, and the non-
linear algorithms are seen to have a distinct advantage over the
linear ones especially in additive white Gaussian noise (AWGN)
channels. Finally, the computational complexity for each of the
algorithms in terms of the number of multiplications per de-
tected symbol is derived. It is shown that the complexity of the
algorithms is of the order of , where is the number of users.

II. SYSTEM MODELS AND LINEAR KALMAN DETECTION

A. Pathwise Model

It is assumed that users simultaneously transmit over inde-
pendent multipath fading channels withresolvable paths each.
After chip-matched filtering and sampling at a rate at least equal
to the chip rate, the baseband received signal is given by

(1)

1Larger delays improve performance in asynchronous channels and disper-
sive channels.
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where is the complex attenuation for theth path of the
th user, is the th symbol transmitted by theth user,

is the time delay introduced by theth path of the th user (quan-
tized to the nearest sample), is additive white Gaussian
noise of variance , is the th user’s spreading sequence,
and is the symbol index for the symbol re-
ceived from the th user over theth path at time . Finally,
is the number of samples in a symbol period.

For the state-space model proposed in [5], the observation
equation is given by

(2)

where
is the state vector at sampling instant, and

. The state transition
equation is given by

(3)

where

is the state noise vector and its covariance matrix is given
by

In this state-space model, every path of every user is treated
as a virtual user. The detector estimates the signals ,
and then coherently combines theestimates belonging to a
desired user to form a symbol estimate. This structure is not op-
timal2 and detector performance will degrade quickly as be-
comes large with respect to the spreading gain. Furthermore, the
computational complexity is proportional to . Another short-
coming of the detector is that a desired symbol must be detected
without delay, whereas we know that in asynchronous systems,
detector performance improves as detection delay increases.

B. Combined-Multipath Model

It is pointed out in [10] and [11] that the multipath combining
decorrelating (mD) detector, which does multipath combining
before decorrelating detection, is optimally near–far resistant
for multipath fading channels, and performs uniformly better
than the decorrelating multipath combining (Dm) detector,
which performs post-detection combining. Since the linear
MMSE detector converges to the decorrelating detector at high
signal-to-noise ratios, it can be concluded that the pre-detection
combining MMSE detector to be discussed presently performs
better than the post-detection combining MMSE detector of
[5]. This observation is verified later by simulation results.

In [11], a symbol-synchronous multipath channel is consid-
ered and the detector processes the received signal at the symbol
rate. We will consider a more general channel model where the

2Because it uses upKL degrees of freedom when onlyK users are desired.

Fig. 1. Generating the channel-distorted or received spreading code~s (n)
from the transmitted spreading codes (n).s (n) = s (n)u (n�iT ) is the
T -sample window of the spreading code that modulatesd (i) at the transmitter.

symbol timing of the users may be different and the multipath
delay spreads may be arbitrarily large, thereby accommodating
severe intersymbol interference.

We now describe a state-space model in which the channel-
distorted spreading codes are used as inputs to the Kalman filter,
which consequently estimates only parameters and is less
complex than the one described in [5].

The received signal is now expressed as

(4)

where

is the “received” spreading code modulating , and may be
generated at the receiver by the filter shown in Fig. 1;

otherwise
is a unit rectangular pulse of widthsamples.

Clearly, the first term on the right-hand side (RHS) of (4) can
be written as a vector inner product so that

(5)

where is a “state vector” containing (but not limited to)
all the symbols contributing to , and is the measure-
ment matrix containing samples of . Un-
like the model of [5], we allow for arbitrary detection delays by
deliberately having symbols not directly affecting in .
Specifically, we can define

...
(6)

where
, and can be regarded as the detection

delay measured in number of symbol intervals. The elements
of that do not directly affect will be taken care of by
zeros in the matching positions of . To simplify notation, we
observe that in the combined-multipath model, the subscript
is no longer needed since the individual paths are all absorbed
into one channel-distorted spreading code. Therefore, we will
drop the subscript and write for and for from
here on.
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Fig. 2. Two-user example, with the interval between small ticks= 0:2T and
the big ticks representing symbol boundaries.

Given knowledge of for is known
and (5) may thus be used as the observation equation in a
Kalman filter. We now require a state transition equation which
describes the time variation of . It is important to note
that the symbol indices are functions of and . Equally
important is the fact that when for some and and

are incremented at different time instants. The consequences
of these two observations will now be explained with a two-user
example, and then generalized.

Assume that (this can be assumed for all systems
without loss of generality) and , and that the delay
spreads are 0.6 symbol intervals for both users. The lines in
Fig. 2 represent the nonzero signal contributions of the six
symbols to the received
signal. Supposing that ,3 we have

The following points should be noted.

1) When , even though is no longer affecting
the received signal, we still keep it in the state vector
in order to keep the dimension of the state vector constant
over time.

2) The symbol index for user 1 changes at a different time
from user 2.

3) When is incremented, the entries of belonging
to the first user effectively leap-frogs over those of the
second user, and the new symbol is shifted into
the first position of .

For a -user system, the last point translates into the user
whose symbol index is incremented leap-frogging over the other

users, and having one new symbol shifted into the state
vector and one old one shifted out. This behavior is succinctly
captured by the state transition equation

(7)

3Note that this is the minimum value ofN in this case. ChoosingN = 0

will result in some of the signal energy being ignored, and hence worse perfor-
mance. In general, the minimum value ofN ismax d�� =T e, where��
is the channel delay spread of thekth user andT is the symbol interval.

where for any and any

(8)

(9)

(10)

and is the new
symbol shifted in at the symbol boundary. The matrix

in (8) is obtained from the
identity matrix by shifting the elements of the th,

, column downwards by places.
With (7) and (5), we now have an exact state-space model

for the multiuser CDMA system, which we will use to develop
linear and nonlinear Kalman detectors.

C. Linear Kalman Detector

The Kalman filter updates the error covariance matrices
and according to the following equations [12]:

(11)

(12)

(13)

Estimates of the state vector are obtained recursively as

(14)

where is the filtered state estimate at instant, and
is the corresponding predicted state estimate.

When both state and observation noise processes are Gaussian,
and .

denotes the set of observations up to and including theth
sampling interval. If we define and

as the predicted and filtered state error
vectors, respectively, then in (11)–(13),
and are the predicted and filtered state
error covariance matrices, respectively, andis the Kalman
gain vector.

At symbol boundaries for user, i.e., when ,
we extract from , which is the smoothed soft
estimate of the symbol . A final hard decision is then
obtained using a memoryless slicer.

III. N ONLINEAR DETECTORS

A. Recursive Nonlinear MMSE Detector

The linear Kalman detector discussed in the previous section
will provide optimal MMSE4 performance if both the state noise

4This term is used interchangeably with “conditional mean” because it is well
known (see, e.g., [13]) that MMSE (usually nonlinear) and CM estimates are
identical.
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and the observation noise are Gaussian. However, this condi-
tion is not satisfied since the nonzero element in the state
noise vector at the symbol boundaries is a discrete random
variable. Therefore, the Kalman detector provides only linear
MMSE detection performance. In this section, we will derive
a recursive algorithm for finding the optimal MMSE detector
using Bayes’ rule.

The optimal MMSE state estimate is given by the condi-
tional mean , which requires , the
probability of conditioned on . Using Bayes’ rule we
can compute recursively in time by

(15)

(16)

It is to be noted that for discrete random variables, we use prob-
ability mass functions (pmfs) and for continuous random
variables we use pdfs .

This iterative algorithm to derive from
can be computed only if the conditional probability

functions
and are obtained. We will discuss each of these
quantities individually.

Since the additive receiver noise is Gaussian, it is clear from
the signal model (5) that conditioned on is Gaussian
with mean and variance . Hence is
easily obtained.

Next, we note that

(17)

and so our problem now reduces to finding the two conditional
probability functions on the RHS of (17), since they appear in
(16) as well.

If the instant is not a symbol boundary for any user,
in (15) is given by

(18)

However, at a symbol boundary,
as shown in (7), where and . Then, clearly,
we have

(19)

where is the pmf of given by

and for -PSK
modulation. Substituting (19) into (15) gives us

(20)

where is the set of all vectors which can result
in . To understand this, recall that and have
all but one element in common. Specifying therefore fixes
all but one component of , which is a discrete random
variable that may take one of values with equal probability.

The optimal MMSE estimate of the symbol in the vector
is given by

(21)

Alternatively, the MAP estimate of the vector can be ob-
tained by maximizing .

In either case, the complexity is on the order of ,
just as in the maximum-likelihood detector, and the MAP and
optimal MMSE detectors are therefore impractical. Nonethe-
less, the algorithm proposed here is novel in that it is a chip-rate
recursive optimal detector.

B. Nonlinear Kalman-Type Detectors

As the optimal MMSE detector has a complexity that is ex-
ponential in the number of users, we hereby propose three
suboptimal nonlinear Kalman-type detectors, each of which is
formed by a linear Kalman detector and a nonlinear decision-
feedback section that is invoked at symbol boundaries.

The proposed class of detection algorithms consists of two
distinct steps. When we are not at any symbol boundary, we
implement the linear Kalman detector because the state noise

is nonexistent (and hence can be assumed Gaussian). But
at every symbol boundary, an additional processing step is added
in order to account for the non-Gaussianity of then. At
the th user’s symbol boundary, we insert into the received
signal sequence either a hard decision or soft decision on
the symbol , the symbol about to be shifted out of
the state vector . This creates an “additional” observation
[8], [9] , so that the observation sequence becomes

.
Assuming that , we can write

(22)

where , and the nonzero ele-

ment “1” is in the th position, and use it as the ob-
servation equation for . An improved soft estimate of

, denoted , will be generated and the linear
Kalman filter updates will continue with it as the filtered state
estimate of . In (22) and the rest of the paper, the sub-
script denotes variables associated with the additional obser-
vation.

Based on the additional observation concept, we will develop
two types of nonlinear Kalman detectors. The first is an HD
feedback Kalman detector, while the second contains two SD
feedback Kalman detectors.

1) HD Feedback Kalman Detector:The principle is that we
make a hard decision on , which comes from the
linear Kalman filter, and assign it to . The operation
is , where for -PSK
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and . For binary phase-
shift keying (BPSK), . Then, using (22) as
the observation equation, and treating as the predicted
state estimate, the Kalman filter update equations are as follows:

(23)

(24)

(25)

Finally, we set and and
continue with the linear Kalman detector updates. At the symbol
boundaries, we are effectively feeding back hard decisions to
improve detection performance, so that the detector can be con-
sidered an HD feedback detector. From (25), it is notable that the
symbol decision is ,
and therefore the feedback operation does not impact the detec-
tion of . However, it will improve the detection per-
formance of all future symbols.

2) SD Feedback Kalman Detector I:In this section and the
next, we will develop two different SD feedback Kalman detec-
tors. For the first SD detector, we assign to the value

(26)

where is the estimated
probability5 that , given observations .

To find the values of needed to form , we as-
sume that , conditioned on , is a complex Gaussian
vector with mean (the output of the Kalman filter) and
covariance matrix (also obtained from the Kalman filter).
Then, the conditional pdf for the desired component ,
evaluated at , is

(27)

where .

The probabilities are then obtained by normalizing
over all , i.e.,

(28)

If were in fact Gaussian, and will indeed
be its conditional mean and covariance, respectively. Then, of
course, the linear Kalman filter will deliver the CM (and hence
optimal MMSE) estimates.

The Kalman filter update equations (23)–(25) are
now executed, with computed from (26).
For BPSK , it may be shown [8], [9] that

5Since some probability functions introduced in subsequent sections of the
paper are obtained approximately using the Gaussian assumption, we usep̂ or
^P to denote them.

, where
is the hyperbolic tangent function. We extract from

as the detector output and then continue the linear
Kalman filter updates after replacing with .
The soft symbol output is . The
resulting detector is called the SD Kalman detector I.

3) SD Feedback Kalman Detector II:The second SD
Kalman detector is obtained by noting that the desired value of

is , and that of is

(29)

Therefore, let us assume that conditioned on is
continuously distributed with mean and covariance
matrix , find an estimate for using
the information we have available, and obtain and

from this estimated pdf.
We start with the Bayesian factorization

(30)

To evaluate the conditional pdf on the RHS, we assume that
conditioned on and is

Gaussian, so that its mean and covariance may, respectively, be
computed using the Kalman filter updates

(31)

(32)

These are obtained from (23)–(25) through the substitution
. It is notable that is

independent of and equivalent to (24).
In theory, we can now compute

, but this will entail a complexity identical
to the optimal MMSE detector derived in Section III-A. Instead,
we take the Laplace transform of both sides of (30) to obtain the
moment generating function (MGF) of conditioned on

(33)

(34)

where the second line comes from the Gaussian assumption.
By definition, the first- and second-order moments of a

random vector are given by the first and second derivatives of
its MGF evaluated at the origin, respectively. Therefore, we
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Fig. 3. Generic block diagram of the Kalman filter-based nonlinear detectors.z denotes a one-sample delay.

may obtain expressions for and by differen-
tiating (34) twice and setting , and then substituting (31)
and (32) to give the final expressions. These are

(35)

(36)

The SD Kalman detectors I and II differ only in the update
of the covariance matrix , but their derivations are based on
different philosophies as follows.

1) The SD detector I assumes that (22) is the correct observa-
tion equation to use, even though it is obvious that (22) is
accurate only when correct hard decisions are fed back. It
is however slightly simpler to implement than SD II, and
as we show in simulations later, its performance is in be-
tween those of the HD and SD II detectors.

2) SD detector II uses the additional observation equation
times [see (31) and (32)], each time feeding back a dif-

ferent tentative hard decision . The resulting state esti-
mate vector and covariance matrix are then treated as the
mean and covariance of , conditioned on the de-
sired transmitted symbol being . To remove this con-
ditioning, the MGF method is applied and we eventually
arrive at (35) and (36).

Given that SD II uses a more rigorous approach, it will per-
form better, and its performance analysis is also easier to obtain,
as will be seen later.

4) Summary of the Kalman Filter-Based Nonlinear Detec-
tors: Fig. 3 is a block diagram applicable to the Kalman de-
tectors of the last two sections. Basically, the analog baseband
received signal is converted to a discrete-time sequence at
times the chip rate. The sequence is then processed by the

linear Kalman detector of Section II-B, which outputs and
at the sampling rate . Outside the symbol bound-

aries, the linear detector outputs are fed back in order to generate
the next set of estimates using (14). At a symbol boundary, we
compute additional estimates and , which then
replace and , respectively, in (14).

C. Probability of Error Analysis

From the results of the previous sections, we can evaluate
the symbol-error probability (SEP) of the proposed Kalman de-
tectors. For a linear Kalman detector, it is known that

in (13) is the covariance matrix of the fil-
tered error vector . Thus the diagonal
elements of represents the MSE of the soft-decision sta-
tistics. For a symbol boundary, let , then

(the th diagonal element of )
denotes the estimation MSE for theth user with symbols
of detection delay.

For the linear MMSE detector, there is a relationship be-
tween the signal-to-interference-plus-noise ratio (SINR)and
the residual MSE, given by [14, eq. (13)]. Using that result, the
instantaneous SINR for theth user in the th symbol interval
is given by

(37)

Since the proposed Kalman detector gives LMMSE esti-
mates, and it is known that the residual interference and noise
term at the output of an LMMSE detector is near-Gaussian
[15], the instantaneous SEP for-PSK is simply [16]

(38)

where . For BPSK, the bit-error probability
(BEP) is , where
is the complementary unit Gaussian cumulative distribution
function. Averaging (38) over all , which may in practice
be computed by averaging over a sufficiently large number of
symbol intervals, gives the unconditional SEP for user.

Equations (37) and (38) are especially useful for computing
the SEP for random-code and/or fading CDMA channels, since
the SEP for any symbol interval can be computed online by

given in . This is significantly more efficient than
computing the equivalent matrix filter (see [17] for some idea
of how this is done) for every symbol interval, and then
computing the SEP.
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Of the nonlinear detectors, only the SD II’s performance can
be analyzed in an analogous fashion. This is because of the fol-
lowing. 1) The HD detector suffers from decision-feedback er-
rors, which are not reflected in the covariance estimates, which
therefore tend to under-estimate the actual covariance. 2) The
SD I detector updates the covariance estimate in a simplified
but less accurate manner than does the SD II. For the SD II de-
tector, the following method works well.

We note that from given in (36), we can ob-
tain the MSE after the decision-feedback operation as

. If we assume that is
Gaussian, then can be used to compute the instanta-
neous SINR, as in (37), from which the BEP can be obtained.

Another method for computing the BEP of the SD II detector,
based on estimated probability distributions, is provided in the
Appendix.

IV. COMPLEXITY

The complexity of the proposed detectors is studied in
this section. It will be shown that multiplications per
detected symbol are required for each of the detectors, and this
compares favorably to other multiuser detectors such as the
linear decorrelator.

A. Useful Observations

Although the Kalman filter time-update equations may look
intimidating and highly complex to implement, a closer inspec-
tion reveals that many of the matrices and vectors involved are
sparse, and therefore the updates are less complex than they ap-
pear at first sight. The matrix used in the linear Kalman de-
tector, and the vector in the nonlinear detector will be
highlighted.

State Transition Matrix In (11), we apparently need to
multiply three square matrices together, when actually that up-
date is not required except at symbol boundaries (since
). And then the form of at symbol boundaries requires only

a shifting of elements of , as we now illustrate with

which will be the state transition matrix at the second user’s
symbol boundary, when and .

In this case, it is easily shown that for , where
denotes the element of a matrixin the th row and th

column, we have

Therefore, no multiplications are needed.
Basically, will rearrange the rows of , while

rearranges the columns.

Additional Measurement Matrix Because the vector
only has one nonzero element, is equal to

one of the columns of , and is one
of its diagonal elements. Therefore, (23) does not involve any
multiplications in spite of its complicated form, and other oper-
ations needed in the nonlinear detectors are also simplified.

B. Linear Kalman Detector

For the linear detector, only multiplications and additions are
needed and since the latter is known to be much less complex
than the former, we will only look at the number of multiplica-
tions per user per symbol detected.

As explained previously, (11) requires no multiplications. As-
suming that 6 and that a division is equivalent in oper-
ation count to a multiplication,7 (12) entails multi-
plications. The update of in (13) uses multiplications,8

while (14) takes multiplications.
With updates per symbol interval, the total multiplication

count per symbol interval is . Given that exactly
symbols are detected in one symbol interval, the number of

multiplications per symbol detected is , or .9

Since is of the order of , the complexity can be said to be
.

C. Nonlinear Detectors

All three nonlinear detectors differ from the linear Kalman
detector only at the symbol boundaries, where they perform an
extra update operation, as Fig. 3 clearly shows. Their complexity
is therefore discussed in this section in terms of theadditional
complexity per detected symbol compared to the linear Kalman
detector.

1) HD Detector: In (23), the numerator is one of the
columns of , while the denominator is one of its diagonal
elements. Therefore, only multiplications for the scalar
division of the numerator by the denominator are required. We
also note that (24) may be simplified by rewriting it as

(39)

where and is defined below (27).
Since any vector outer product is Hermitian, only the diag-
onal and lower (or upper) triangular elements need to be found.
Each of those elements is simply a product of two scalar quanti-
ties, and hence (39) requires multiplications.

Finally, (25) requires multiplications, and a slicing or HD
operation is required to produce . In total, we therefore
have a total of additional multiplications

6The complexity is actually proportional to(N +1) forN > 0, but if the
decoupled iterations for the Kalman-smoothing detector developed in [18] are
employed, the complexity is proportional toN + 1.

7An assumption used throughout this section.
8Note thatP h can be precomputed for use in (12) and (13), and thatP

is Hermitian.
9In [5] the operation count per symbol interval was given asO(K T ), but

sinceK symbols are detected therein,O(KT) is a fairer reflection of the algo-
rithm complexity.
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Fig. 4. BEP performance of the linear and nonlinear Kalman detectors in an unfaded short-code CDMA channel.

and one HD operation per symbol detected, compared to the
linear Kalman detector.

2) SD Detector I: This detector uses the same update equa-
tions as the HD detector, i.e., (23)–(25), but is com-
puted differently. Equation (27) entails one exponential oper-
ation, and three multiplications for the argument of the expo-
nential function; (28) uses one multiplication. Since we need
to compute values of , the total complexity of finding

from (26) is multiplications and exponen-
tial functions. We note that the normalizing factor in (27)
is not necessary, since only the relative values of

, are required to find using (28).
The additional complexity of the SD I detector compared to

the linear Kalman detector is therefore
multiplications and exponentials per symbol detected.

3) SD Detector II: This detector executes (23), (35), and
(36) at each symbol boundary. Noting that and

are equal by definition, we see that multiplications and
exponential functions are needed to find . Equation

(35) requires multiplications, while (36) consumes
multiplications.

The total additional complexity of the SD II detector is thus
multiplications and expo-

nential functions.

V. SIMULATION RESULTS

In this section, we give some simulation results for the pro-
posed linear and nonlinear Kalman detectors for BPSK mod-
ulation. We assume a symbol-asynchronous multiuser CDMA
channel, where there are active users and the spreading gain
is . For unfaded or one-path Rayleigh fading channels,

we set and the time delays for the four users are ar-
bitrarily set to zero, two, four, and five chips, respectively. For
simplicity, we have assumed that the time delays of all users are
integer multiples of the chip interval, whereas it should be un-
derstood that our system model and proposed algorithms also
apply to arbitrary time delays.

For two-path Rayleigh fading channels , we have
and the time delays are

chips. For convenience, we assume that every
user has equal power in each receiving path and the symbol
energy is normalized to one, i.e., for all

. In all the simulations, we set the detection delay
and each curve gives the averaged BEP for theusers.

Figs. 4 and 5 give the BEP curves for the linear and nonlinear
Kalman detectors, where the curves in Figs. 4 and 5 are for un-
faded short-code and long-code CDMA channels, respectively.
The short codes are randomly generated (“coin-flip”) bipolar
sequences. For comparison purposes, BEP curves for the con-
ventional matched filter detector and the single-user bound are
also plotted.

In these two and the following figures, the analytical BEP
curves for the linear Kalman detector and SD detector II are
computed using (37) and (38) and averaged over all the sym-
bols. It is observed that our analysis fits the simulations very
well. The BEP values were also computed by using the method
proposed in the Appendix, but the results were almost identical
to those obtained by using (37) and (38), so we do not show
them explicitly.

From the simulations, it is clear that the nonlinear detectors
perform significantly better than the linear Kalman detector, and
for a BEP level of around 10 , a difference of nearly 2 dB is
discernible. Among the nonlinear detectors, the SD II detector
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Fig. 5. BEP performance of the linear and nonlinear Kalman detectors in an unfaded random-code CDMA channel.

Fig. 6. BEP performance versus the number of users in an unfaded random-code CDMA channel.

performs slightly better than the SD I detector, which in turn
does slightly better than the HD detector. It is notable that the
complexity of the detector also decreases in that order.

Next, in Fig. 6, we plot BEP curves against the number of
users in a random-code unfaded CDMA channel. All the
curves were obtained by simulations. As increases, the
BEP of the conventional detector degrades drastically, while

the degradation of the linear and nonlinear Kalman detectors
is more graceful. Their BEP curves are of course always
significantly lower than those of the conventional detector.

For simulation of a Rayleigh fading channel, we assume that
the channel is constant within a symbol interval, but can be mod-
eled as a first-order Markov process at the symbol rate. In other
words, if denotes the com-
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Fig. 7. BEP performance of the linear and nonlinear Kalman detectors in a single-path Rayleigh faded short-code CDMA channel.

plex attenuation of theth path for the th user in theth symbol
interval

(40)

where is a complex white Gaussian noise sequence with
variance , and is
the fading correlation coefficient which we set to for
all and .

It is known that depends on the fading power density
spectrum and the Doppler fading bandwidth. For example,

for Jake’s land mobile communications
fading spectrum and for the Gaussian
fading spectrum, where is a symbol duration. A comparison
of versus for different fading power density spectra
was given in [19]. Since we assume coherent data modulation
and that perfect channel estimates are available, the detector
performance is expected to be insensitive to.

Fig. 7 plots the BEP curves for the linear and nonlinear
Kalman detectors in a single-path Rayleigh fading channel,
with . It is observed that the proposed nonlinear detectors
still perform better than the linear Kalman detector.

Next we consider a two-path Rayleigh fading channel, where
. To make a fair comparison with the linear Kalman

detector proposed in [5], we introduce the same detection delay
of for that detector using the technique proposed in
this paper, but it does post-detection combining. The resulting
detector is called the multipath Kalman detector. Owing to the
multipath, the conventional detector here is the RAKE receiver,
while the single-user bound is obtained by setting and
implementing the linear Kalman detector.

The BEP curves are plotted in Fig. 8. The HD detector and
the SD detector I perform close to the SD detector II, so their
curves were not plotted. The detectors we propose perform con-
siderably better than the multipath Kalman detector. The per-
formance advantage of the nonlinear Kalman detectors over the
linear version is clear.

VI. DISCUSSION

A. Multiple Users with the Same Symbol Timing

When a number of users (say) have the same symbol
timing, for instance, on the synchronous downlink of a cellular
system, there are two possible ways to tackle the problem as
follows.

• Insert additional observations, one for each user. The
soft estimate vector will thus be updated
times.

• Insert one vector additional observation, and so update
only once, but with a more complex update

equation.
Which method yields better results remains to be seen and is the
subject of current investigations.

B. Iterative Detection for Coded CDMA

There has been a lot of recent interest in iterative or “turbo”
detection in coded CDMA systems (e.g., [20], [21]). In such
turbo multiuser detectors,a posterioriprobabilities (APPs) of
the coded symbols transmitted have to be updated and passed
between the component decoders. The inner decoder in this case
is a multiuser detector capable of accepting and updating APPs.
The SD detectors proposed in this paper can be easily adapted
to perform this function in the following manner.
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Fig. 8. BEP performance of the linear and nonlinear Kalman detectors in a two-path Rayleigh faded short-code CDMA channel.

• Given the APPs , and hence , from the outer
decoder, compute using either the SD I or SD
II algorithms.

• Extract the soft estimate of the desired symbol
from , and hence update the APPs with
(27) and (28).

Given that the proposed algorithms are explicitly designed
for asynchronous, multipath channels in which long codes are
used, and generate APPs as a by-product, they may turn out to
be more suited to iterative CDMA detection in practical systems
than most other multiuser detectors.

C. Characteristics of Chip-Rate Kalman Multiuser Detector

Apart from being novel (and interesting because of that), the
chip-rate Kalman filter approach to multiuser detection has a
number of key practical and theoretical features, such as the
following.

1) Infinite memory—the recursive nature of the Kalman
filter means that it automatically makes use of all past
information (see [17]) in forming an MMSE detector.

2) Nonzero asymptotic multiuser efficiency—in linear
multiuser detection it is usually assumed that for asyn-
chronous systems, code-matched filter outputs with
windowing can be used [22]. However, this approach
can lead to zero near–far resistance if the windowing
method ignores the symbols at the edges of the window
(for instance in order to create a square code-correlation
matrix for decorrelation). The chip-rate approach on
the other hand never has this problem because it accounts
for all symbols directly contributing to the received
signalat all times.

Both these points translate into better performance in practice.

VII. CONCLUSION

In this paper, we discussed an extension of the chip-rate
Kalman detector of [5] to allow for arbitrary detection delays,
derived a recursive algorithm for optimal nonlinear MMSE
detection, and described several suboptimal nonlinear Kalman
detectors based on the concept of additional observations [8],
[9]. These algorithms are suited to long-code CDMA systems,
and do not require matrix inversions although processing
requirements are still substantial given that they operate at chip
rate. Two semianalytic methods, which are far less complex
than a method requiring the calculation of an equivalent matrix
filter, for computing the average error probability in fading or
nonfading channels were also presented and discussed. These
methods can be used with averaging over many symbols to
derive the unconditional error probability in long-code systems
and/or multipath fading channels. Finally, we observed through
simulations that the nonlinear Kalman detectors always per-
formed better than the linear one, and that multipath combining
before MMSE detection (pre-detection combining) is a superior
technique to post-detection combining.

APPENDIX

ALTERNATIVE BEP COMPUTATION METHOD FOR THE

SD II DETECTOR

In this section, we will discuss another semianalytical ap-
proach to deriving the probability of error for the SD II detector,
using our ability to approximately determine the APP . In
the rest of this section, we write and (the
output of the linear Kalman filter) as and , respectively, for
ease of notation.
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We start by considering the case of BPSK, and then extending
it to -PSK. Assuming equiprobable transmitted bits, the BEP
of user is

(41)

Now, consider one of the conditional probabilities on the RHS
(the other one is handled in exactly the same fashion).

(42)

A simple application of Bayes’ rule yields

(43)

(44)

where is the number of terms in the summation, and
is obtained from (28). We should point out here that the

assumption that is a sufficient statistic for the detection of,
given observations , was implicitly made in (27). With this
assumption, becomes equivalent to

.
Combining (41), (42) and (44), the unconditional BEP for

BPSK can be expressed as

(45)

(46)

where and denote the number of symbols within the aver-
aging window for which is positive and negative, respectively.

Another way to compute the average BEP for BPSK is given
here. From (26), . Because
of our Gaussian assumption, is always smaller
than when . The converse is also true.
Therefore, the absolute value ofcan be represented as

if
if

(47)
if
if

if
if

(48)

From the last equation, it should be clear that the expression
(46) may be obtained by averaging over a large
block of symbols, which therefore yields the BEP. This equality
was used in [8] to compute the BEP, but its derivation was not
described.

Now we extend the analysis to the-PSK case. For SEP and
BEP evaluation, we need to know the conditional probability

, for . Using
(27) and (28) and averaging over a long symbol stream, we can
compute the conditional probability
for . Again, we have the equalities that

for all , and

(49)

The SEP and BEP can be computed easily by using (49). For
example, for QPSK we have the SEP as

(50)

For Gray-coded QPSK the BEP is

(51)
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