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The Kalman Filter as the Optimal Linear Minimum
Mean-Squared Error Multiuser CDMA Detector
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Abstract—in this paper, it is shown that a first-order linear While f,, o(i) is the MMSE tap-weight vector for a given tap
state—space model applies to the asynchronous code-divisioniength, it does not produce the lowest MMSE of all linear filters.
multiple-access (CDMA) channel, and thus the Kalman filter The optimal linear MMSE (LMMSE) detector spans all symbols

roduces symbol estimates with the minimum mean-squared . . .. . .
grror (MMS)I/E) among all linear filters, in long- or short-gode transmitted by all users, i.e., it is equivalent to a TDL with an

systems for a given detection delay. This result may be used as ainfinite number of taps. For a finite detection delay, the TDL
benchmark against which to compare the performance of other MMSE detector still needs to span the infinite past.
linear detectors in asynchronous channels. It also reveals that a  The Kalman filter, on the other hand, being a first-order re-
time-varying recursive filter with a fixed and finite complexity ; 3 ; ;
implements the fixed-lag linear MMSE (LMMSE) detector, which CurSIV_e fllter,_na_turglly processesl mformatlo_n collected up

to a given point in time. It produces state estimates that are op-

hitherto has been assumed to require a processing window (and | . .
hence complexity) that grows with time. timal in the LMMSE sense, if the system is accurately modeled

Index Terms—Code division multiple access (CDMA), Kalman by a set c,)f first-order state—space equatior?s' Itis shown in the
filtering, linear minimum mean-squared error (MMSE) detection, Next section that a state-space model can indeed be formulated
multiuser communications. for the multiuser CDMA signal, with the unknown transmitted
symbol vectord(:) as the state vector. Thus the Kalman filter
must necessarily lead to the lowest possible mean-square error
(MSE) among all linear filters for a given detection delay.

CLASS of code-division multiple-access (CDMA) re- The application of the Kalman filtering concept to CDMA de-

ceivers known as linear minimum mean-squared errtaction was also described in [2], [3], but the state—space model
(MMSE) detectors [1, Ch. 6] has been discussed in recarged there was less flexible in that the detection delay was al-
years. The MMSE detector is commonly assumed to beways zero, i.e., detection of any symbol had to be made imme-
tapped-delay line (one for each desired user), meaning that thigtely after it was received. In the present paper, we allow for
decision statistic for théth user in theth symbol interval will an arbitrary detection delay, with longer delays leading to better
be R performance. The model in [2] and [3] is therefore a subset of

di(i) = filo(i)r(d) (1) the one to be described here. In addition, in this paper, we use

wheref, (i) is the MMSE filter tap-weight vector, white(i) a.symbol-rate vgctor observation equgtion, whereas in our pre-
is the received discrete-time signal vector of the same Iengthvé%JS work a chip-rate scalar observation was used.

P ur results demonstrate that it is possible in simulations to
Fio(®)- find the performance of the fixed-lag linear MMSE detector in

With this tapped-delay line (TDL) structure, and the reasoln asynchronous system. With the semianalytical bit-error rate
able assumgtion that the symbols transmitted are independggER) expressions for AWGN channels that will be derived
i.e., Eld(:)d” (1)] = I, whered(:) is the vector of symbols |5ter, Monte Carlo simulations of the Kalman filter to obtain the
which contribute to(<) and[ is the identity matrix, it may be BER of the LMMSE detector are not necessary, thereby short-
shown that ening simulation times considerably. We therefore envision that

Jro(i)= [A(D)AY (1) + 021 ar(4). (2) theresults presented here can be used for benchmarking the per-
formance of linear detectors, such as multistage linear interfer-
qence cancellers [4], [5], whose aim is to approach MMSE per-
formance in asynchronous channels.

I. INTRODUCTION

The signal model used here§i) = A(i)d(i) + n(i), where
A(i) is the channel matrixg (¢) is the signal vector receive
from the desired symbal, (¢), and=(¢) is an additive white
Gaussian noise (AWGN) vector with covariance matrix

Eln(i)n" ()] = o°1.
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Fig. 1. Converting the high-rate received signal sequenge) to an P=15Q=05 — +— i — t
equivalent symbol-rate vector representatign). The tick marks represent ’ eod=10 i i+l i+2
samples of-(n), and the symbol interval is five times the sampling interval.
r(i) time
P=1Q=1 —t= ———t— — + —t

The span of(:) may exceed one symbol interval, for instance
when a windowed implementation of the linear MMSE detector _ _ , , _
s desired n an asynchronous scenro [1]. As longlesam- 110, 2, fustietons of ow diferents snd 0 afect e sheeeton
ples ofr(n) belong to at least one vecte(:), no information yser.
will be lost, and the new symbol-rate vector representation will
carry the same information as the high-rate scalar one.

As explained in [6], whatever the channel delay spread and lll. APPLYING THE KALMAN FILTER

the length ofr(4), it can always be written as A. Small Detection Delays
r(i) = S()CE)d(i) +n(7) With the TDL detector structure, it is necessary for good per-
= A()d(0) + n(i) ©) formance to use observation windows fd#) that exceed one

symbol interval. With the Kalman filter, the choice of window
. . - - size depends on the detection defdyThe one basic require-
block-diagonal matrix of channel coefficient vectongi) is a | ant is that all samples ofn) are used, so that the minimum

zero-mean Gaussian noise vector with covariance matidx \inqow span is one symbol interval. Windows spanning more
and d(i) is the vector of transmitted symbols from all userg ., one symbol interval are not required unlgds> 1, in
which contribute tor(z). which case the minimum length efi) is PA/ N + 1 samples.

The detection delay’, in symbol intervals, is defined to be ~ \uii, nonoverlapping windows, the measurement noise vector
the time between the last sample of the signal due to the des%ea% is white. and

symbold, (i) arriving, and the arrival of the last sample of the N y
received signal used in its detection. It is a design parameter that Eln(in” (j)] = 0”16
is not necessarily an integer. To illustrate this definition, thraghere
examples are provided in Fig. 2, where we have also defihed o
to be the time (in terms of symbols) between the first samples 8 = { 1, t=J
of r(¢) and the signal due t@,(:) arriving. 0.  i#J
Ba§|cally, with the received 5|gna! up t(.) anpl mcludw(g), In this case, the multiuser CDMA state—space model corre-
we wish to demodulate the symbal(z), which lies in the sub- sponds to the basic one used in Kalman filtering, in which the

\I/(ectlord(z _t LFE) Ortd" (i — ﬁ)ﬂ) Whend(z) Is partitioned into measurement noise and state noise are both white, and mutually
-element subvectors as follows: . uncorrelated.

dii) & [Ele(f [P, d (i~ |P]),....d (i—1),d ()| . Therefore, it is straightforward to implement the Kalman

(4) filter with knowledge of the channel matrid(i), and the
Because the dimensioN, of d(4) is not necessarily a mul- AWGN variances2. In other words, the amount of information
tiple of K, d(i — [P]) is needed to account for the bottonfequired is identical to that in the MMSE detector. The “recur-

where S(i) is a matrix of spreading code vectoG(¢) is a

Ny — | Ny/K|K elements otl(i — [P]). sive filter” form of the Kalman filter involves the following
From (4), it is clear that there will b& new symbols con- steps in each symbol interval
tributing to the received signal vector with each incremerit in P, =9¢,P" 37 +Q, (6)

In fact, d(¢) satisfies the following first-order (non-Gaussian)

P AH (AP~ AH () 4 2 [)=1
Markov transition model: K; =P; A7 ())(A(W)P; A7 (i) + o7I) (7

Lo 1], 0 P/ =(I - K;A()P; (8)
d(z) = dii— D+ | 5. o . s )

00 d(i) d(i) = (I — K,A(:))®.d(i — 1) + K;v(%). 9)

= @ad(i — 1) +w(1) ®) The vectofi(i) is the soft estimate al(:) from which we ex-

wherew(?) is a random vector with the known covariance maract the soft decision faty. (¢) (or any other symbol withig(¢),
trix for that matter). In Kalman filter terminology, it is the “filtered

0 0 state estimate” and is more correctly denoteddiy] :)—the

Elw(@wi ()] =0Q, = [0 I} LMMSE estimate o#d(:) given observations up to time But

since in this paper we do not encounter the “predicted” and
if phase-shift keying (PSK) with unit symbol energy is usedSmoothed” estimatesi(: | i — 1) andd(¢| ¢ +1), respectively),

Equation (5) provides the state transition equation needed in ¥@ Will write d(¢) in place ofd(i | ) for convenience.
Kalman filter, andd(¢) is the “state vector” to be estimated by 1p;x samples give thé symbols’ delay, and the one extra sample is the

the Kalman filter. last one received froniy (7).
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The main difference between the Kalman filter and the TDteduction in complexity (as shown in [7]), compared to a direct
detector is brought out by (9), which shows that the Kalmasr brute-force implementation of the Kalman filter updates.
filter is a recursive (or feedback) filter, unlike the TDL.

IV. ANALYSIS

B. Longer Detection Delays _ , .
g 4 A. Steady-State Solution in the Time-Invariant Case

WhenP > 1, the observation windows fat(:) will overlap L .
in time, i.e.,r(¢) andr(¢ — j) share some elements in common From Kalman filtering theory [9], [8], we have the following

whenj # 0, and the noise vectax(i) is no longer uncorrelated result regarding the asymptotic stability of the Kalman filter.

over time. Because of the noise coloring, the Kalman filter as Theorem 1:For the stationary time-invariant state—space
described by (6)—(9) is no longer the LMMSE filter. To derivenodel
the LMMSE detector in this scenario, we can do one of two

things: z(k +1) = @x(k) + Vu(k) + T'w(k)

. 2+ 1) =Hzx(k+1)4+v(k+1
1) reformulate the state—space model so that white measure- ( ) ( ) ( )

ment noise is present; or where
2) use nonoverlapping windows but allow for arbitrary de- Elw(jvk)] =0
lays through the use of the fixed-lag Kalman smoother, Ew(j " (k)] = Q61

which gives MMSE state estimates at titngiven obser-

vations up to some time in the future. and

Ew(j)v" (k)] = Ré;,
As these two approaches lead to identical algorithms, we will =)l ik
describe only the method using the fixed-lag Kalman smoothérthe state transition matrix@ is asympotically stable (i.e.,
and refer the interested reader to [7] for details of the first tecall its eigenvalues lie within the unit circle), then given any
nique. positive semidefinite symmetric initial conditioP™ (0),

The fixed-lag Kalman smoother [8], [9] derives the LMMSHim—.. P~ (k) = P__, where

estimate of_the statm(f{) given observanon vectors (|_n whlch the P —=oP_[I-HY(HP_H" +R'HP_|8" +TQr".
additive noise termm(¢) is temporally white) up to time + L,
L > 0. A detection delay oA/ N samples can therefore be (13)
obtained usingl/ N-sample vectors(i)> and then forming the The Kalman gairk ;. will also converge to a time-invariant ma-

LMMSE smoothedestimatesix(i | (i + | P]),...,7(0)) with tix k.., and the Kalman filter will be asymptotically stable,
the fixed-lag Kalman smoother. - i
~ We recall from Section Il thady.(¢) is in eitherd(i — [ P|) or
d(i— [P]). Now from (3) and (4), whem(:) spans one symbol Ay (@ — K H®]| <1, Vp (14)
interval, we can \ivnte T whereA,(X) represents thgth eigenvalue oX.
riy=AGi— [P [P ey o) i 3 o .

d(i — | P)]) The state transition model (5) used in this paper is stable,

wheren(¢) is the lengthd/ N noise vector affecting (), and since®, has zeros on its diagonal and thus only has zero eigen-

A(i — | P])is anM N x 2K channel matrix. values. ThereforeP;” in (6) will converge ag — oo to P__,
It follows that which satisfies
i+ |P])=10,...,0,A()]d(3) +v(3) (11) P =0P_{I- A"(AP_A" +o’)7'AP}@" + Q.

where d(¢) is the long vector defined in (4), and(¥) = (15)

n(i + | P]). We have basically extended the state vector $&rom this point on, because the Kalman filter and Kalman
that it includes the symbol of interest, and padded zeros to th@oother equations are identical except for trivial redefinitions
observation matrix in order to keep the observation equatiofithe channel matrix and the input signal vector, it should be

valid. For convenience, (11) may be rewritten as understood that if the overlapping window modét > 1) is
PN B used,A should be replaced b, andr(z) by {(%).
¢(0) = Ac(D)d() +v(i) (12) " From (7), the steady-state Kalman gain matifx, can be
whereA, (i) = [0, A(i)] isanM N x (| P| + 1)K matrix, with ~derived as
zeros in all but its las2 K columns. K. =P_A"(AP_A" + 2L (16)

With (12) as the observation equation, and (5) as the state-Through simulation (also see examples given in [9] and other
transition equation, the Kalman filter updates for the arbitraggxtbooks on optimal filtering) it is found thd; always con-
delay scenario are easily derived. We note also that a carefdtges very quickly, usually in a few symbol intervals. After
study of the sparse nature of the matrices involved, along thénvergence of the Kalman gain, it is unnecessary to continue
lines of the method outlined in [8, Sec. 7.3], leads to a substantiglupdate it in each iteratian This in practice implies that after

2This contains the desired symbbl(7) and satisfies the white-noise require—updatmgKi for a few iterations to obtaik .., the Kalman gain
ment. need not be updated further and only the state estimate update

3its first few columns will be zero if” is not an integer. operation needs to be carried out.
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The time-invariance of the Kalman filter gain matrices in If we consider the detection afy(:) (one of the symbols
slowly fading, short-code CDMA systems implies that in imwithin d(¢)), the relevant decision statistic will be
plementation, an adaptive infinite impulse response (lIR) filter 5 N T )
may be used [10], if training sequences are available and precise di (i) = g1, ()d (i) + by (i)’ (3)
channel information is not. whereg? (i) and h; (i) are, respectively, the rows of the ma-
tricesM () andN (¢) corresponding td(z), from which it ap-
pears that the BER can be easily computed.

The recursive nature of the Kalman filter makes exact BER However, the lengthv, N, vector
calculations more complicated than with TDL filters. Neverthe- o T T T
less, it is possible to obtain approximate BER expressions for d (@) =1[d" (i = No),....d" (i)]
binary phase-shift keying (BPSK) in an AWGN channel that aigas statistically dependent elements, since successive vectors
accurate to an arbitrary level, depending on the complexity thi(ti) andd(i — 1) share{ N, — K) common elements. Nonethe-
can be tolerated. A much simpler BER computation using thgss, because of the orderly manner in whi¢h is derived from
Gaussian assumption can also be derived. d(i—1), itis possible to “compressf (i), and correspondingly

We first define the matrixG; = (I — K;A(i))®,, and sim- g:..(1), into the vectordl” (i) andg,,(i) so that
plify (9) to* T p

d(i) = Gid(i—1) + Kir(i) (17) 9 ()d(0) = 9 () ()

; ; ; andd”(i), unlike d'(i), contains no repeated elements. Simi-
- H G'jEl(O) +Z H G| K;_.r(i—n) (18) larly, we may definehx(i) such that
J=1

n=0 | j=i-n+1 by (iyn” () = BE (i)’ (i)

B. Bit-Error Rate Calculations

where, by definition,

e G — G..Gn,_1...G,,, if o > ng and@”(i) is an uncorrelated Gagssian noise sequence. Details
H I 1, if ny < ny. of this procedure may be found in [7].
J="n1

It is now possible to evaluate the instantaneous bit-error rate
using the well-known formula for linear detectors and BPSK
modulation:

Given that we have a fully observablend stablésystem,
[Amax(G:)| < 1 for all <. Hence,]_[;.:1 G; must decay td as
1 — oo, and for a sufficiently largev,

i No i , 1 gy, (1) (i
Z H G~ Z H G;. Py p (i) = oNT=T Z Q M (23)
7=0 j=i—nt1 n=0j=i—nt1 :ﬁ(;,),zé o?hy, (i)ha(3)
With these approximations and the aid of (3), we have for
larges In this expressionV” = (No—1)K + N is the length ol (4),
N, i ands? is the additive noise variance.
3(1)%2 [ H G| Ki_n[A(i—n)d(i—n)+n(i—n)] Alternatively, one can use the Gaussian assumption which
n=0 | j=i—n+1 Poor and Verdu [11] showed to be accurate when applied to

(19) MMSE detectors, and thus have

N Dl O Ll Ponli) = Q < 9etiE ) (24)
=MoL TN 20 | o2y (e + 6F ()41 (1)
d(i) (i) N . : : :
. h B wheregy (¢) is the element of,, (i) associated with the desired
vvfh;re th;Ndbr J\kfothmatncesM(L) andN (i) are composed symboldy, (), andg;,(¢) is defined ag,, (¢) without the element
01 Ya x [¥a DIOCK Matrices ‘ associated with the desired symbil4).
: AveragingPF, 5 (¢) over alarge number (say 10 000) of symbol
H G| Kin intervals will then give a good approximation of the BER aver-

aged over time. For time-invariant systems, the technique can

respectively, fom decreasing fromV, to 0. Note that for the e simplified since®; is constant at steady state, and time av-
Kalman smoother, we will use (10) to make the substitution graging ofP, , (i) will not be required.

Il G| Ki—wA(i—n) and

j=i—n+1 j=i—n+1

i i Ali d(i —n—[P])
A(i —n)d(i —n) — A(i — n) |:d(L _n—|P])
in (19). The obvious substitutiod(i) — A¢(é) is not efficient ~ To verify the BER expressions (23) and (24), we simulated the
because some columns Af (i) are zero. Including these zeroKalman smoother algorithm with four users, a processing gain
columns will unnecessarily lengthen the:) vector below. ~ 0f 8, and a detection delay arbitrarily selected tatbe- 3.875,

. o _ _ _ and measured the BER. Randomly selected short codes and time

Note that, whem(7) is replaced b((z), andA(:) by A (i), (6)-(9) are qg|ays were used. The results are plotted in Fig. 3, where the
valid for the Kalman smoother as well. Therefore, the BER analysis given here' . .
applies to all values of detection del&; solid curve represents the BER calculated using both (23) and

5SinceA(i) is assumed to have full rank. (24) because they are indistinguishable. The simulated curve

6, has spectral radius smaller than unity. falls almost exactly over the analytical curve, as expected.

V. SIMULATION RESULTS
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Fig. 3. Simulated and analytical BER curves for the Kalman smootherMith 3.875.
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TDL, Q=0,1,...,4.
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Fig. 4. Relative performance of the TDL and Kalman filter MMSE detectors for a detection Betay).875, and varying observation window lengths.

The TDL MMSE detector is compared with the Kalmarin the TDL MMSE detector was varied by changi€g defined
filter/smoother algorithm derived in this paper in Fig. 4. Th& Section Il. As expected, when the window span is small, the
system had five asynchronous users with randomly chosen tiffieL detector does significantly worse than the Kalman filter
delays;, € [0, V], oversampling ratd/ = 1, and processing detector. When the window size is increased, performance
gain N = 8. The detection delay was fixed & = 0.875 improves toward that of the Kalman filter detector but, of
symbols for both TDL and Kalman filter detectors, and theourse, never exceeds it.

BERs were computed using the Gaussian assumption on thén Fig. 5, the effect of ignoring noise correlation when using
multiple-access interference. The observation window lengtlerlapping observation windows is seen. The system parame-
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=<---  Overlapped Window filter | -]
—%—  Kalman smoother

0 2 4 6 8 10 12

Fig. 5. Relative performance of the Kalman smoother (solid lines) and the Kalman filter ignoring noise correlations (dashed lines), with gwEtapation
windows. P is fixed at 2.875.
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